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Abstract

We present an ordinary differential equation mathematical model for
the spread of malaria in human and mosquito populations. Susceptible
humans get infected at a certain probability when they contact infec-
tious mosquitoes. They then progress through the exposed, infectious
and recovered classes, before reentering the susceptible class. Suscepti-
ble mosquitoes get infected at a certain probability when they contact
infectious or recovered humans and then move through the exposed and
infectious classes. Both species follow a logistic model for their population
growth, with humans having additional immigration and disease-induced
death. For this epidemic model, we define a reproductive number, Ry,
for the number of secondary cases that one infected individual will cause
through the duration of the infectious period. We find the disease-free
equilibrium is locally asymptotically stable when Ry < 1 and unstable
when Rop > 1. We prove the existence of at least one endemic equilibrium
point for all Ry > 1. In the absence of disease-induced death, we prove
the transcritical bifurcation at Ro = 1 is supercritical (forward). Numeri-
cal simulations suggest that for larger values of the disease-induced death
rate, a subcritical (backward) bifurcation is possible at Ry = 1.

1 Introduction

Malaria is an infectious disease caused by a parasite (Plasmodium) and trans-
mitted between humans by the bites of mosquitoes (female Anopheles). Malaria
kills about 700, 000 — 2.7 million people a year, 75% of which are African chil-
dren. An estimated 40% of the world’s population live in malaria endemic
areas. Evidence of malaria-like diseases dates back in written history to at least
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2700 BC. The incidence of malaria has been growing due to increasing parasite
drug-resistance and mosquito insecticide-resistance.

Mathematical modeling of malaria began in 1911 with Ross’ model [23] and
major extensions are described in MacDonald’s 1957 book [18]. The first mod-
els were two-dimensional with one variable representing humans and the other
representing mosquitoes. An important addition to the malaria models was the
inclusion of acquired immunity proposed by Dietz, Molineaux and Thomas [9].
Further work on acquired immunity in malaria has been conducted by Aron
[2] and Bailey [5]. Anderson and May [1], Aron and May [3], Koella [13] and
Nedelman [19] have written some good reviews on the mathematical modeling
of malaria. . Some recent papers have also included environmental effects [17],
[25] and [26]; the spread of resistance to drugs [4] and [14]; and the evolution of
immunity [15].

Recently, Ngwa and Shu [21] and [20] proposed an ordinary differential equa-
tion (ODE) compartmental model for the spread of malaria with a Susceptible-
Exposed-Infectious-Recovered-Susceptible (SEIRS) pattern for humans and a
Susceptible-Exposed-Infectious (SEI) pattern for mosquitoes. In this paper, we
extend and analyze this model that describes the transmission of malaria (Fig-
ure 1.1).

The model divides the human population into 4 classes: susceptible, exposed,
infectious and recovered (immune). People enter the susceptible class, either
through birth (at a constant per capita rate) or through migration (at a constant
rate). When an infectious mosquito bites a susceptible human, there is some
finite probability that the parasite (in the form of sporozoites) will be passed
on to the human and the person will move to the exposed class. The parasite
then travels to the liver where it develops into its next life stage. After a certain
period of time, the parasite (in the form of merozoites) enters the blood stream,
usually signaling the clinical onset of malaria. In our model, people from the
exposed class enter the infectious class at a rate that is the reciprocal of the
duration of the latent period. After some time, the infectious humans recover
and move to the recovered class. The recovered humans have some immunity
to the disease and do not get clinically ill, but they still harbour low levels of
parasite in their blood stream and can pass the infection to mosquitoes. After
some period of time, they lose their immunity and return to the susceptible class.
Humans leave the population through a density-dependent per capita outward
migration and natural death rate, and through a per capita disease-induced
death rate.

Female mosquitoes (we do not include male mosquitoes in our model because
only female mosquitoes bite animals for blood meals) enter the susceptible class
through birth. The parasite (in the form of gametocytes) enters the mosquito,
with some probability, when the mosquito bites an infectious human or a re-
covered human (the probability of transmission of infection from a recovered
human is much lower than that from an infectious human); and the mosquito
moves from the susceptible to the exposed class. After some period of time, de-
pendent on the ambient temperature and humidity, the parasite develops into
sporozoites and enters the mosquito’s salivary glands; and the mosquito moves
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Figure 1.1: A schematic of the mathematical model for malaria transmission.
Susceptible humans, Sy, get infected at a certain probability when they contact
infectious mosquitoes. They then progress through the exposed, E}, infectious,
I, and recovered, Ry, classes, before reentering the susceptible class. Suscep-
tible mosquitoes, S,, get infected at a certain probability when they contact
infectious or recovered humans and then move through the exposed, E,, and
infectious, I, classes. Both species follow a logistic model for their population
growth, with humans having additional immigration and disease-induced death.
Birth, death and migration into and out of the population are not shown in the
figure.

from the exposed class to the infectious class. The mosquito remains infectious
for life. Mosquitoes leave the population through a per capita density-dependent
natural death rate.

The main differences in our model, from that of Ngwa and Shu [21], is
that we have included human immigration and have excluded direct human
recovery from the infectious to the susceptible class, bypassing the recovered
stage. Human movement is present throughout the world and plays a large
role in the epidemiology of diseases, including malaria. In many parts of the
developing world, there is rapid urbanization as many people leave rural areas
and migrate to cities in search of employment. We include this movement as an
inward migration rate into the susceptible class. We do not include immigration
of “diseased” individuals as we believe that most people who are sick will not
travel. We also exclude the movement of exposed people because, given the
short time of the exposed stage, the number of exposed people is small. We
also exclude direct infectious-to-susceptible recovery that the model of Ngwa
and Shu [21] contains. We believe that this is a valid simplifying assumption
because most people show some period of immunity before becoming susceptible
again. As our model includes an exponential distribution of movement from the



recovered to the susceptible class, it will include the quick return to susceptibility
of some individuals. Our model is not a generalization of that of Ngwa and Shu
[21]; nor is it a special case of that model.

We first describe the mathematical model including the definition of a do-
main where the model is mathematically and epidemiologically well-posed. Next,
we prove the existence and stability of the disease-free equilibrium points, define
the reproductive number and describe the existence and stability of the endemic
equilibrium point(s).

2 Malaria Model

The equations for the malaria model are shown in (2.1):

ds
CTth = Ap+ YNy + pnRy — ASh — frn(Ny)Sh (2.1a)
dE
7: = )\hSh - l/hEh - fh(Nh)Eh (21b)
dIy,
i vnEn =y In — fu(No)In — 0nln (2.1c)
dR,
Tth = Ynln — pn By — frn(Nn)Rn (2.1d)
ds,
dt = ¢0Nv - )‘vSv - fv(Nv)Sv (216)
di” = A\Sy = E, — fu(Ny)E, (2.1f)
dI’U = V’UE’U — f’U(N’U)I’U (2.1g)
dt
with N, =S, + E;, + 1, + R, and N, = S, + E, + I, with
dN,
dith = Ap+ YNy — fr(Nn) Ny — 0nlp (2.2a)
dN,
dt vav - f?)(Nv)Nv (22b)
and infection rates,
6hv0thv
= — 2.
)\h Nh ( 3a)
BonoonIn  Bonoon Ry,
= . 2.
Av N, + N, (2.3b)

The state variables of the model are shown in Table 2.1 and the parameters
used in the model are shown in Table 2.2. All parameters are assumed to be
strictly positive with the exception of the disease-induced death rate, §5, which
we assume to be nonnegative.
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Table 2.1: The state variables for the malaria model (2.1).

The number of susceptible humans.

The number of exposed humans.

The number of infectious humans.

The number of recovered (immune and asymptomatic, but slightly
infectious) humans.

The number of susceptible mosquitoes.

The number of exposed mosquitoes.

The number of infectious mosquitoes.

The total human population.

The total mosquito population.

Table 2.2: The parameters for the malaria model (2.1).

The immigration rate of humans. Dimensions: Humans X
Time™!.

The per capita birth rate of humans. Dimensions: Time™!.

The per capita birth rate of mosquitoes. Dimensions: Time™!.
The number of bites on humans per mosquito per unit time. Di-
mensions: Time™!.

The probability of transmission of infection from an infectious
mosquito to a susceptible human given that a contact between
the two occurs. Dimensions: 1.

The probability of transmission of infection from an infectious
human to a susceptible mosquito given that a contact between
the two occurs. Dimensions: 1.

The probability of transmission of infection from a recovered
(asymptomatic carrier) human to a susceptible mosquito given
that a contact between the two occurs. Dimensions: 1.

The per capita rate of progression of humans from the exposed
state to the infectious state. 1/, is the average duration of the
latent period. Dimensions: Time™!.

The per capita rate of progression of mosquitoes from the exposed
state to the infectious state. 1/v, is the average duration of the
latent period. Dimensions: Time™!.

The per capita recovery rate for humans from the infectious state
to the recovered state. 1/7, is the average duration of the infec-
tious period. Dimensions: Time™!.

The per capita disease-induced death rate for humans. Dimen-
sions: Time 1.

The per capita rate of loss of immunity for humans. 1/pp is the
average duration of the immune period. Dimensions: Time™!.

= pip + ponNp. The per capita density-dependent death and

emigration rate for humans. Dimensions: Time™!.



fv(Nv):

Hih:

Hahn:

Hiv:

H2v:

= U1y + poyNy. The per capita density-dependent death rate for
mosquitoes. Dimensions: Time™!.

The density independent part of the death (and emigration) rate
for humans. Dimensions: Time™!.

The density dependent part of the death (and emigration) rate
for humans. Dimensions: Humans™' x Time™!.

The density independent part of the death rate for mosquitoes.
Dimensions: Time™!.

The density dependent part of the death rate for mosquitoes. Di-

mensions: Mosquitoes™ x Time™!.

To analyze the malaria model (2.1) more easily, we work with fractional
quantities instead of actual populations by scaling the population of each class
by the total species population. We let:

with

and

with

E I R
ep = FZ and i), = F}; and 7, = FZ (2.4)
Sh=snNy = (1 —ep —ip —rp)Ny (2.5)
E, I,
ey = N, and i, = N, (2.6)
Sy = $uNy = (1 — ey —iyy) Ny (2.7)

Differentiation of the scaling equations (2.4) and (2.6) gives us

dEh _ deh th
and dE, d dN
v e’U v
=—"N, . 2.9
@ dt v teTw 29)
and so on for the rest of the variables.
Solving for the derivatives of the scaled variables we obtain
deh 1 dEh th
— = |— —ep— 2.1
i N [ at " at ] (2.10)
and d 1 [dE dN,
e'U _ v o 7’0
it N, { at U at } (2.11)

and so on for the other variables.



This creates a new 7-dimensional system of equations with two dimensions
for the two total population variables and five dimensions for the fractional
population variables with disease:

de N, . .
7: = O—vh/Bthhlv (]- —€p —1p — rh) - (212&)
Ap, .
vp +n + N, ) + Oninen

di A

Sh— pen — [+ On G+ ) i+ G2 (2.12b)

dt Np

dr . A .

dith = Yhlh — ([Jh + 'l/1h + ZVZ) Th + 5hlh7"h (2120)
dN, )
T; = Ap+YpNp — (pan + p2nN) Np — 0nin Ny, (2.12d)
de, . = )

det = Ouwh (ﬂvhlh + ﬁvhrh) (]- — €y — 'Lv) - (Vv + ’1/11))671 (2126)
di, .

é = Uply — Yyly (2.12f)
dN,

dt = PNy — (,Ulv + NQva)Nv (212g)

Note that e, and i, do not have any meaning when N, = 0.

For this model (2.12), there exists a a domain where the system of equations
is epidemiologically and mathematically well-posed. We define this domain, D,
as:

ep >0,
en tp 20,
in rp >0,
Th en +ip +1rn < 1,
D= Ny | €RT| Ny >M >0, (2.13)
€y e, >0,
iy 1, >0,
N’U e'U + Z.’U S 1)
N, >0

for some positive M that depends on the parameter values. This domain, D,
is valid epidemiologically as the fractionally populations, ey, in, T4, €, and i,
are all nonnegative and have sums over their species type that are less than or
equal to 1. The human and mosquito populations, N and N,, are positive and
nonnegative, respectively. We require an artificial positive lower bound, M, on
the human population because e}, i), and 7}, are not defined at Nj = 0.

Theorem 2.1 Assuming that the initial conditions lie in D, the system of equa-
tions for the malaria model (2.12) has a unique solution that exists and remains
in D for all time t > 0.



Proof The right hand side of the system of equations (2.12) is continuous with
continuous partial derivatives in D. It remains to show that D is forward-
invariant. It is clear from (2.12) that if e;, = 0, then e}, > 0; if 4, = 0, then
i, > 0; if rj, = 0, then r}, > 0; if e, = 0, then e}, > 0; and if 4, = 0, then ¢, > 0.
It is also true that if e, + ¢, +r, = 1 then e} +4), + 7, < 1; and if e, +14, =1
then e/, +i! < 1. Finally, we note that if N, = 0, then N, = 0; and if N, = M,
then

Ny = Ap+UnM — pM — pop, M? — §pip, M
> Ap+ UM — pipM — pop M? — 6, M.

Thus, Nj, > 0 for some M small enough, provided that A;, > 0. If A, = 0,
then we require 1y, > (u15 +90p) (with a different appropriate M small enough).
However, in this paper, we will only consider the case with Ay > 0. Thus, none
of the orbits can leave D and a unique solution exists for all time. U

3 Disease-Free Equilibrium Points and Repro-
ductive Number

3.1 Existence of Disease-Free Equilibrium Points

We first look at equilibrium points where there is no disease. We define the
“diseased” classes as the human or mosquito populations that are either exposed,
infectious or recovered; that is, ey, in, h, €, and i,.

Theorem 3.1 There are exactly two equilibrium points of the malaria model
(2.12) on the intersection of D and the boundary of the positive cone in R”
(which we denote by ORT ). One equilibrium point contains only humans without
disease (and no mosquitoes) and we label that as the mosquito-free equilibrium,
Tmfe’

(Y — pin) +/(n — pan)® + dponiy
2p2n

mmfe = <070707 ,0,070> . (31)

The second point contains humans and mosquitoes but no disease, which we label
as the disease-free equilibrium, T4 :

70707

(U — pan) + v/ (n — pan)? + dpon Ay Yy — P1o (3.2)
2,“2}1 Moy ' '

Tife = <07 07 07

Proof We need to show that z,,f. and zg4. are equilibrium points of (2.12);
and that there are no other equilibrium points on D N OR7. The first can be
seen by substituting the equilibrium points, (3.1) and (3.2), into the system of
equations (2.12).

We still need to show that there are no other equilibrium points on DN IR".
Lemma A.1 states that on DNOR", ey, =i, = 1, = €, = 4, = 0. For i), = 0,



the only equilibrium point for N}, from (2.12d) is

Ny = ((Yn — pan) ++/(n — pan)? + 4panAn)/(212,); and the only two equilib-
rium points for N, from (2.12g) are N, = 0 and N, = (¢, — p10)/ 120 Thus,
the only two equilibrium points on D N IR" are x,, fe and Zgye. O

For ease of notation, we label the positive equilibrium human and mosquito
population values (in the absence of disease) by N; and N, respectively.

- 2+ Ao A
NE = (Un, ulh)-i-\/(;bl;; pin)? + dpap Ay, (3.32)
2h

N: = Yo — fi1v (3.3b)

N2v

3.2 Reproductive Number

We use the next generation operator approach, as described by Diekmann et
al. in [8] to define the reproductive number, Ry, as the number of secondary
infections that one infectious individual would create over the duration of the
infectious period provided that everyone else is susceptible. We define the next
generation operator, K, which provides the number of secondary infections in
humans and mosquitoes caused by one generation of infectious humans and

mosquitoes, as

_ 0 Khv

=8 K "
where

Ky, The number of humans that one mosquito infects through its infec-
tious lifetime, assuming all humans are susceptible.

Kyn:  The number of mosquitoes that one human infects through the dura-
tion of the infectious period, assuming all mosquitoes are susceptible.

Using the ideas of Hyman and Li [12], we define K}, and K, as a product
of the probability of surviving till the infectious state, the number of contacts
per unit time, the probability of transmission per contact and the duration of
the infectious period:

1% 1
Khv — v COuh ﬁhv S 3.5a
Vy +/~L1v +/~L2UN{; va +,U/2vN7j ( )
Up, O'vhN* 1
Kon = e Bon - (3.5b
Vh + pan + penNy o Np Vi + On + pan + pan Ny )
+ Vn ) Th
Vp + pan + pan Ny Y+ 0n + pan + p2n Ny
oy 5 1 ,
Ny * pn A+ pan + pon Ny

In (3.5a), vy /(Vy + p1vo + 2, V) is the probability that a mosquito will survive



the exposed state to become infectious'; o, is the number of contacts that one
mosquito has with humans per unit time; 3y, is the probability of transmission
of infection from an infectious mosquito to a susceptible human; and 1/(u1, +
p2,IN)) is the average duration of the infectious lifetime of the mosquito. In
(3.5b), the total number of mosquitoes infected by one human is the sum of the
new infections from the infectious and the recovered states. In the first term
of Kup, vn/(vn + pan + pepNy) is the probability that a human will survive
the exposed state to become infectious; o, (N, /N;) is the number of contacts
that one human has with mosquitoes per unit time; (3, is the probability of
transmission of infection from an infectious human to a susceptible mosquito;
and 1/(yn + 0n + pan + ponNy) is the average duration of the infectious period
of a human. In the second term, vy, /(vy + p1n + /,LQhN;:) is the probability that
a human will survive the exposed state to become infectious; v, /(vn + On +
pin + pop NG is the probability that the human will then survive the infectious
state to move to the recovered state; o,,(N;/N;) is the number of contacts
that one human has with mosquitoes per unit time; Bon is the probability of
transmission of infection from a recovered human to a susceptible mosquito;
and 1/(pp, + pan + ponNy) is the average duration of the recovered period of a
human.
We let Ry be the spectral radius of the next generation operator, i.e.,

R%2 = Ky, Kpy.

Then, R is the number of humans that one infectious human will infect, through
a generation of infections in mosquitoes, assuming that previously all other
humans and mosquitoes were susceptible.

Definition We define the reproductive number, Ry, as

Ro = /KunKpo (3.6)

where K, and K, are defined in (3.5).

3.3 Stability of Disease-Free Equilibrium Points

We conduct linear stability on the two equilibrium points without disease: (3.1)
and (3.2). The Jacobian of the malaria model (2.12) has the form (3.7):

Ju Jiz Jiz Juu 0 Jig Jir
Jo1 Jog 0 Jou 0 0 0
0 J3o  J33  J34 0 0 0
Jp 0 Ju 0 0 0 (3.7)
Js2 Jsz 0 Jss Jse O
0 0 0 Jgs Jeg O

0
0
0
0 0 0 0 0 0 Jrr

n defining time periods and probabilities for Rg, we use the original system of equations
(2.1) and not the scaled equations (2.12). As the two models are equivalent, the reproductive
number is the same with either definition: p1p + p2n Ny is equivalent to vy + Ap /Ny and
1o + p2y Ny is equivalent to i,.

10



with

Jii = —0uwnBreNviv/Ni — (Vn + ¥n + Ap/Ni) + Onin (3.8a)
Jiz = —0unfroNuiv/Np + dnen (3.8b)
Jis = —0unBhoNviv/Np (3.8¢)
Jis = —(CunBroNoiv/NP)(1 —en —in — 1) + Anen /N (3.8d)
Ji6 = (ownBrolNo/Np)(1 —en —ip — 1) (3.8¢)
Jiz = (OonBhoio/Np)(1 —en —in — 1) (3.8f)
ng = UVp (3'8g)
Jao = —(vn+ 0+ Yn + An/Ny) + 204in (3.8h)
Jas = Ayin/Nj, (3.81)
Js2 = Yn+Oonrn (3.8§)
Jsz = —(pn +Yn + An/Ni) + dnin (3.8k)
Jss = Apra/Nj (3.81)
Ji» = —6uNy (3.8m)
Jua = Yn— pan = 2p2nNp — Onin (3.8n)
Js2 = ounfBon(l —ey —iy) (3.80)
Jss = ounfBen(l— ey —iy) (3.8p)
Jss = —0un(Bonin + Bontn) — (Vo +1by) (3.8q)
Jss = —0un(Bonin + Bonrn) (3.8r)
Jos = vy (3.85)
Jeo = —o (3.8t)
Jrr = Yy — v — 2p20 Ny (3.8u)

Theorem 3.2 The mosquito-free equilibrium point, T, fe (3.1), is locally asymp-
totically stable if 1, < p1, and unstable if ¥, > p1,.

Proof The Jacobian evaluated at z,,f. (3.1) is a lower triangular matrix of the
form

Ji 0 0 0 0 0 0
Jy Jw O 0 0 0 0
0 Jsy Jsz 0 0 0 0

J=| 0 Jio 0O Ju 0 0 0 (3.9)
0 J52 J53 0 J55 0 0
0 0 0 0 Jg Jeg O
0 0 0 0 0 0 Jg

11



The eigenvalues, simply the diagonal entries of the Jacobian, are:

m = —Wn+vn+Au/Ny) (3.10a)
n2 = —(yn+0n+n+ An/Ny) (3.10b)
ns = —(pn+Yn+An/Ny) (3.10c)
ne = ¥n—pin — 2p2n Ny (3.10d)
= —/(¥n — pan)? + dponiy
s = —(vot+y) (3.10e)
ne = —Yu (3.10f)
N7 = Yy~ Pv (3.10g)

We see that all eigenvalues are negative for v, < p1, and one eigenvalue, 77, is
positive for ¥, > fi1,. O

The mosquito free equilibrium point is thus locally asymptotically stable if
the mosquito death rate is greater than the mosquito birth rate and unstable if
the mosquito birth rate is greater than the mosquito death rate.

Theorem 3.3 The disease-free equilibrium point, xqre (3.2), is locally asymp-
totically stable if Ry < 1 and v, > pi1,; and is unstable if either Ry > 1 or

% < Uiy-

A full proof of this theorem can be found in Appendix A.1. It consists of
evaluating the Jacobian, to find one eigenvalue that is always negative and one
eigenvalue equal to — (¢, — 1), and using Descartes’ Rule of Sign to show that
all the remaining 5 eigenvalues are negative when Ry < 1 and one of them is
positive when Rg > 1.

4 Endemic Equilibrium Points

Endemic equilibrium points are steady states where the disease persists in the
population (all state variables are positive). The complexity of the system of
equations (2.12) has prevented us from finding an explicit representation of the
endemic equilibrium point(s). We use general bifurcation theorems to show the
existence of at least 1 equilibrium point for all Ry > 1. We are able to show that
the transcritical bifurcation at Ry = 1 is supercritical when §;, = 0 (there is no
disease-induced death). However, numerical results show that the bifurcation
can be subcritical for some positive values of d;, giving rise to endemic equilibria
for Ry < 1.

We first rewrite the equilibrium equations for (2.12) in the form of a nonlinear
eigenvalue problem:

u = G((u)
= (Lu+h(¢, u) (4.1)

12



where u € Y = R? a real Banach space with Euclidean norm, || -|j; ¢ € R
is the bifurcation parameter; L is a compact linear map on Y; and h(¢,u) is
O(||u||*) uniformly on bounded ( intervals. We take the equilibrium equations
(the right hand side of (2.12)), reduce the dimension through some algebraic
manipulations, and rewrite them in the form of (4.1) with

-(2)
u =
€y
where e;, and e, are equilibrium values. We use ( = o, for the bifurcation
parameter. We also define Q = {R x Y} so that the pair ({,u) € Q.

A theorem by Rabinowitz [22] (Thm 1.3) states that if {y is a characteristic
value (reciprocal of an eigenvalue) of L of odd multiplicity, then there exists a
nontrivial continuum of solution pairs, ({,u) of (4.1) that intersects the trivial
solution (that is, (¢,0) for any () at (p,0) and continues to either infinity (is
unbounded in Q) or to ({y,0) where (p is also a characteristic value of L of odd
multiplicity.

We use this theorem to show that there exists a continuum of solution pairs
(¢,u) € Q for the eigenvalue equation (4.1). To each of these solution-pairs,
there corresponds an equilibrium-pair (¢, z*) of the malaria model (2.12), where
¢ is a parameter value and z* € R” is an equilibrium point of the malaria model
(2.12). We define the equilibrium-pair, (¢, x*), as the collection of a parameter
value, ¢, and the corresponding equilibrium point, =*, for that parameter value.

Theorem 4.1 Assuming that the mosquito birth rate is greater than the mosquito
death rate (1, > p1y ), the malaria model (2.12) has a continuum of equilibrium-
pairs, ({,z*), that connects the point ({1, zq4e) to infinity (specifically is un-
bounded for ¢ € R but is bounded for x* € R”) in the positive cone of R7. The
number &, = 1/v/AB where A and B are defined in the Appendiz (A.25).

We give a proof of this theorem in Appendix A.2.

Theorem 4.2 Assume 1, > p1,. The bifurcation point at ( = &1 corresponds
to Rg = 1. For the set of ¢ for which there exists an equilibrium-pair (¢, z*),
the corresponding set of values for Ry includes, but is not necessarily equal to,
(1,00). Thus, there exists at least 1 endemic equilibrium point of the malaria
model (2.12) for all Ry > 1.

Proof As ¢ = 0,5, some algebraic manipulations of Ry (3.6) produces
Ry =(VAB. (4.2)

Thus, Ry is linearly related to ¢; and when ¢ = &1, Rp = 1. As the continuum of
equilibrium-pairs connects (£1, zqfe) to infinity and is bounded in R, it exists
for all ¢ > &, and thus an endemic equilibrium exists for all Ry > 1. Note that
it is possible, though not necessary, for the continuum of equilibrium-pairs to
include values of ( < & (Rp < 1). O

13



Typically in epidemiological models, bifurcations at Ry = 1 tend to be su-
percritical (i.e., positive endemic equilibria exist for Ry > 1 near the bifurcation
point). It turns out that in this model, (2.12), a supercritical (forward) bifur-
cation does not necessarily occur at Ry = 1. We can show, however, that in
the absence of disease induced death (5, = 0), the bifurcation is supercritical
(forward).

We determine the direction of the bifurcation using the Lyapunov-Schmidt
method as described by Cushing (1998) [7]. We begin by expanding the terms
of the nonlinear eigenvalue equation (4.1) about the bifurcation point, (£1,0).
The expanded variables are

u = 0+eu® +e2® 4. (4.3a)
¢ = &4eG+e¥+... (4.3b)
L = L (4.3¢c)
R(Cu) = h(& +eCi+e%C+...euV + 2@ ) (4.3d)

= %ha(&r,uM) +

We substitute the expansions (4.3) into the eigenvalue equation (4.1) and eval-
uate at different orders of e.

Theorem 4.3 Assuming ¥, > 1y, n the absence of disease-induced death
(0r, = 0), the bifurcation at Ry = 1 is supercritical (forward).

The proof involves substitutions of the expansions (4.3) into the eigenvalue
equation (4.1) up to second order in ¢ and an application of the Fredholm
Alternative. Details of this proof are in Appendix A.3.

For positive values of dj, it is possible for this model to exhibit a subcritical
bifurcation (sometimes called a “backward” bifurcation) in which case, near the
bifurcation point, positive endemic equilibria exist for Ry < 1. Other examples
of epidemiological models with subcritical (backward) bifurcations at Ry = 1
include those described by Castillo-Chavez and Song [6], Gémez-Acevedo and
Yi [11] and van den Driessche and Watmough [24].

Although we cannot prove the existence of a subcritical (backward) bifurca-
tion, we show through numerical examples that it is possible for some positive
values of ;. This is important because it implies that there can be a stable
endemic equilibrium even if Ry is less than 1.

We first use the bifurcation software program AUTO [10] to create bifur-
cation diagrams around Ry = 1. We show two examples of these bifurcation
diagrams in Figure 4.1. One has all parameter values as described in Table 4.1
except for the bifurcation parameter, 0,5, which is varied as shown in the fig-
ure. The other curve has parameter values described in Table 4.1, except for
dp = 3.41938 x 10~° and the bifurcation parameter, o,, which is also varied as
shown in the figure.

For the curve with 6, = 3.45392 x 10~%, we can see both unstable and
stable endemic equilibrium points. There is a subcritical (backward) bifurcation
at o, = 0.5779 (Ry = 1); and a saddle-node bifurcation at o,, = 0.5515
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Bifurcation diagram showing endemic equilibrium points for two values of 6h

0.03

= Stable Equilibrium Points
noo Unstable Equilibrium Points

%

6h =3.45392e-4

o
o
N
T
1

o
o
e
T
I

Fraction of exposed humans:

6h =3.41938e-5

0 ~ |
0.54 0.56 0.58 .06 0.62 0.64 0.66
Bifurcation Parameter: o,

Figure 4.1: Two bifurcation diagrams for (2.12) showing only the endemic equi-
librium points. The top curve (labeled §;, = 3.45392 x 10~%) is for parameter
values described in Table 4.1. The bottom curve (labeled &5, = 3.41938 x 10~°)
has the same parameters as the first curve, except for §,. Only the equilib-
rium value of the fraction of exposed humans, ey, is shown on the y-axis. The
bifurcations are explained in more detail in the text.

(Rp = 0.9543). Thus a locally asymptotically stable endemic equilibrium is
possible for values of Ry below 1. Though we do not show the plots here, further
bifurcation analysis has shown that even as o, is increased to large levels, the
size of the projection of the endemic equilibrium on the fractional infected groups
increases monotonically, and the equilibrium point remains stable.

For comparison we show the bifurcation diagram with d;, = 3.41938 x 1075,
Here, we only see a stable branch of endemic equilibrium points. There is a
supercritical (forward) bifurcation at o,;, = 0.5559 (Ry = 1). There are no
endemic equilibrium points for Ry less than 1. Though we do not show the
plots here, further bifurcation analysis has shown, for these parameter values,
that even as o, is increased to large levels, the size of the projection of the
endemic equilibrium on the fractional infected groups increases monotonically,
and the equilibrium point remains stable.
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Table 4.1: The values of parameters for which there exist positive
endemic equilibrium points when Ry < 1: Ry = 0.9690. The unit
of time is days.

A, = 3.285 x 1072
iy, = 7.666 x 107° 1, = 0.4000

Bon = 0.8333 Bhe = 2.000 x 1072
Byn = 8.333 x 1073
oon = 0.5600

v, = 8.333 x 1072 v, = 0.1000

Y = 3.704 x 1073

0p = 3.45392 x 1074

pn = 1.460 x 1072
pan = 4.212 x 107° 1y = 0.1429
pian = 1.000 x 1077 fiay = 2.279 x 1074

We now focus on an example with parameter values described in Table 4.1.
The reproductive number corresponding to these parameter values is Ry =
0.9690. Most of these parameter values are within the bounds of a realistically
feasible range, with the exception of the mosquito birth rate which has been
significantly increased to lower the value of the reproductive number below 1.
The value of d;, corresponds to a death rate of 12.62% of infected humans per
year. We numerically? find four equilibrium points: two on the boundary of,
and two in, the positive cone of R”7. The two equilibrium points on the boundary
are the mosquito-free equilibrium point, , fe, N = 771.3. and the disease-free
equilibrium point, xgr.. The two equilibrium points inside the positive cone
are two endemic equilibrium points. Linear stability analysis shows that the
“larger” endemic equilibrium point is locally asymptotically stable, while the
“smaller” point is unstable. Further linear analysis with an increased value of
oy, = 0.6 and all other parameters as in Table 4.1 (with Ry = 1.038) shows
that there is one stable endemic equilibrium point.

Figure 4.2 shows simulations of the original unscaled equations (2.1) for
parameter values in Table 4.1. These plots illustrate the stability of the “larger”
endemic equilibrium in the presence of a stable disease-free equilibrium point.

5 Summary and Conclusions

In this paper, we analyzed a 7-dimensional ODE model for the transmission
of malaria, with 4 variables for humans and 3 variables for mosquitoes. We
showed that there exists a domain where the model is epidemiologically and
mathematically well-posed.

For this model, we were able to show the existence of two equilibrium points
with no disease: one with only humans and no mosquitoes, #, ., and one with

2The numerical solutions to the equilibrium equations were found using the NSolve com-
mand in Mathematica.
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Plot of human population against time.
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Figure 4.2: A numerical simulation of the malaria model (2.1) (using the orig-
inal system variables before normalization) with parameter values defined in
Table 4.1. These parameters correspond to Ry = 0.969. The initial conditions
used were S, = 300, E, = 10, I, = 30, R, = 0, S, = 1000, £, = 100 and
I, = 50; which correspond to e, = 0.0294, i, = 0.0882, r, = 0, N = 340,
e, = 0.0870, 7, = 0.0435 and N, = 1150. The system approaches an endemic
equilibrium point. We thus have a stable endemic equilibrium for Ry < 1. The
simulations were conducted using MATLAB’s ode45 — a variable order Runge-
Kutta method — with a relative tolerance of 10~® and an absolute tolerance of
1077,

both humans and mosquitoes, z4r.. The equilibrium point with no mosquitoes,
ZTmfe, is locally asymptotically stable if the mosquito birth rate, 1,, is lesser
than the mosquito death rate, pi1,.

We defined a reproductive number, R that is epidemiologically accurate
in that it provides the expected number of new infections (in mosquitoes or
humans) from one infectious individual (human or mosquito) over the duration
of the infectious period given that all other members of the population are
susceptible. We showed that, provided the mosquito birth rate is greater than
the mosquito death rate, if Ry < 1, then the disease-free equilibrium point, x4,
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is locally asymptotically stable and if Ry > 1, then x4 is unstable.

We also proved that an endemic equilibrium point exists for all Ry > 1 with a
transcritical bifurcation at Ry = 1. The analysis and the numerical simulations
showed that for 6, = 0, and for some small positive values of &y, there is a
supercritical (forward) transcritical bifurcation at Ry = 1 with an exchange of
stability between the disease-free equilibrium and the endemic equilibrium as
shown in Figure 5.1(a). For larger values of dp,, there is a subcritical (backward)
transcritical bifurcation at Ry = 1, with an exchange of stability between the
endemic equilibrium and the disease free equilibrium; and there is a saddle-
node bifurcation at Ry = R{ for some R§ < 1. A schematic of this bifurcation
diagram is shown in Figure 5.1(b).

While we do not have any analytical results on the stability of the endemic
equilibrium for large values of Ry, the numerical results suggest that the equi-
librium is stable. However, it follows from Theorem 2.1 that all orbits of the
system of equations (2.12) are bounded. Thus, if the endemic equilibrium were
to lose stability, then there would exist a nonequilibrium attractor (such as a
limit cycle or strange attractor), though for this model we have no evidence for
nonequilibrium attractors.

The possible existence of a subcritical (backward) bifurcation at Rg = 1 and
a saddle-node bifurcation at some R < 1, as shown in Figure 5.1(b), can have
strong implications for public health. Simply reducing Ry to a value below 1
is not always sufficient to eradicate the disease; it is now necessary to reduce
Ry to a value less than Rjj to ensure that there is no endemic equilibrium. The
existence of a saddle-node bifurcation also implies that in some areas with en-
demic malaria, it may be possible to significantly reduce prevalence or eradicate
the disease with small increases in control programs (a small reduction in Ry
so that it is less than Rf). Note that it may also be possible in some areas
where malaria has been eradicated, for a slight disruption, like a change in envi-
ronmental or control variables or an influx of infectious humans or mosquitoes,
for the disease to reestablish itself in the population with a significant increase
in the prevalence rate (increasing Ry above R or moving the system into the
basin of attraction of the endemic equilibrium).

The possibility of a subcritical (backward) bifurcation in our model is also a
significant difference from the model of Ngwa and Shu [21], as that model only
exhibited a supercritical (forward) bifurcation at Rg = 1.

In future papers, we plan to conduct several studies of the model presented
here. These studies will include a sensitivity analysis on the reproductive num-
ber and the endemic equilibrium. As we have an explicit expression for Ry, we
can analytically evaluate its sensitivity to the different parameter values. We
also wish to numerically evaluate the sensitivity of the endemic equilibrium to
the parameter values. This will allow us to compare different control strategies
in various parts of the world for efficiency and effectiveness in reducing malaria
mortality and morbidity.

We also plan to study the effects of the environment on the spread of malaria.
Mosquito populations depend heavily on environmental factors such as rainfall,
temperature and humidity. These factors typically vary periodically. We want
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(a) A supercritical bifurcation for small val-
ues of §;. We have proved the stability of the
disease-free equilibrium point (locally asymp-
totically stable for Ry < 1 and unstable for
Ro > 1) and the existence of the endemic
equilibrium point for all Rg > 1. We have
also proved that the bifurcation is supercriti-
cal when §; = 0. Numerical simulations sug-
gest that the endemic equilibrium is stable for
Rop > 1. Numerical results also suggest that
for some small positive values of ¢, the bifur-
cation is supercritical. We have no analytical
results for the stability of the endemic equi-
librium as R approaches oco.

(b) A subcritical bifurcation for large values
of é,. We have proved the stability of the
disease-free equilibrium point (locally asymp-
totically stable for Rp < 1 and unstable for
Ro > 1) and the existence of the endemic
equilibrium point for all Rp > 1. Numerical
simulations show that for some values of dj,
when Rp < 1, there exist two endemic equi-
librium points, the smaller of which is unsta-
ble while the larger is locally asymptotically
stable. For the same &y, as ¢ (oup) is de-
creased, the two endemic equilibrium points
disappear; and as (¢ is increased to a corre-
sponding value of Rg greater than 1, there is

only one stable endemic equilibrium. The re-
sults show a subcritical bifurcation at Ry = 1
and a saddle-node bifurcation at Ry = Rg for
some R{ < 1 (dependent on the parameter
values). We have no analytical results for the
stability of the endemic equilibrium as Rg ap-
proaches co.

Figure 5.1: Schematics of the two possible bifurcation scenarios for different
values of dp, for the constant parameter malaria model (2.12). It is important
to note that this figure is a cartoon, which summarizes the results for the bifur-
cation, and not an actual numerical study of the bifurcation.

to incorporate these effects by analyzing the original malaria model with selected
periodic coefficients, such as the mosquito birth rate. We would like to explore
this periodically forced model for features not seen in the autonomous model,
including appropriate adaptions to the definition of the reproductive number
and the endemic states. This should provide a more accurate picture of the
malaria epidemics than that obtained from models using parameter values that
are averaged over the seasons.

An ultimate goal is to validate this model by applying it to particular areas
in the world infected with malaria. We will compare predicted endemic states
obtained from the model using estimated parameter values from a given location
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to the actual prevalence data in that location.

A Lemmas and Proofs of Theorems

Lemma A.1 For all equilibrium points on DNORY, ey, = ip =7h = €y =1y =
0.

Proof We need to show that for an equilibrium point in D, if any one of diseased
classes is zero, all the rest are also equal to zero. For ease of notation, we write
the statements below.

(H].) ep = 0.

(HQ)Z ih =0.

(H3): rp = 0.

(H4): e, = 0.

(H5): i, = 0.

(H6): (H1) and (H2) and (H3).
(HT): (H4) and (H5).

We show by setting the right hand side of (2.12) equal to 0, that if any one
of the above statements is true, all the others are true. For ¢ = 0, (H1) is true
if and only if (H2) is true®. Similarly, for r}, = 0, (H2) is true if and only if
(H3) is true. Thus, if any one of (H1), (H2) or (H3) is true, (H6) is true. From
e, = 0, we see that if (H6) is true, then (H5) is true. Also, for ¢, = 0, (H4) is
true if and only if (H5) is true. Thus, if either one of (H4) or (H5) is true, then
(HT) is true. Finally, for e, = 0, if (H7) is true, then both (H2) and (H3) are
true. t

A.1 Proof of Theorem 3.3
Proof of Theorem 3.3 The Jacobian evaluated at zgpe (3.2) is of the form:

Ji 0 0 0 0 Jig O
Jog Jog O 0 0 0 0
0 Js2 Jsz O 0 0 0
J = 0 Jeo 0 Jgu O 0 0 (A.1)
0 J52 J53 0 J55 0 0
0 0 0 0 Jes Jeg O
0 0 0 0 0 0 Jmr

As the fourth and seventh columns (corresponding to the total human and
mosquito populations) contain only the diagonal terms, these diagonal terms

3 As the right-hand side of (2.12b) is a quadratic function of 4, there are 2 possible solutions
of 45, when 2;1 = 0 and e;, = 0. However, the nonzero solution of iy is greater than 1 and thus
outside of D.
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form two eigenvalues of the Jacobian:

Ne = ¥n—pin —2p2nNy (A.2a)
= =V (¥n — p1n)? + dpanin

N = Yy — i — 2u20 Ny (A.2b)
= —(Yv — p1o)-

The other 5 eigenvalues are the roots of the characteristic equation of the matrix

formed by excluding the 4t and 7R yows and columns of the Jacobian (A.1):

with

and

As
Ay
As
Ay

Ay

A

By

By

Bs

By
Bs

B
Bs
By
By

Asn® + At 4+ Asn® + Aon® + A+ Ag =0 (A.3)
1 (A.4a)
B1+ B>+ B3+ By + Bsy (A.4b)

BBy + B1Bs + B1By+ B1Bs + BoBs + Bo By + By B (A.4c)
+B3B, + B3Bs + B4 Bs

B1B3Bs + B1ByBy + B1ByBs + B1B3By + B1B3Bs + (A.4d)
B1B4Bs + B2 B3 By + B2B3Bs + By ByBs + B3 B4 Bs
B1ByB3By + ByBsB3Bs + B1BoByBs + BiB3BaBs + (A.de)
ByB3B4Bs — BsB7Bg By

By B3B3 By By — (B3 BBy Bs By + BgB;ByB1oB11) (A.4f)
vh + ¥n + An /Ny, (A.5a)
vht g (Wh + p1n) + / (Un — pan)? + 4N2h/\h)

Vi + On + Un + An /Ny, (A.5D)
Y+ 6n+ 3 ((1% + pan) + V (n — pan)?2 + 4N2hAh)

P+ Pn + An /Ny, (A.5¢)
prt g (Wh + pan) + V (Wn — p1n)? + 4,u2hAh>

Vy + Py (A.5d)
Uy (A.5e)
OuhBro Ny /Ny, (A.5f)
Vh (A.5g)
ounBon (A.5h)
2 (A.51)
o (A.5))
TonBoh- (A.5K)
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In a similar manner to [21], we show the stability of the disease-free equilibrium
changes as Ry passes through 1 by using Descartes’ Rule of Sign. Korn and
Korn [16] in §1.6-6(c) state Descartes’ Rule of Sign as: the number of positive
real roots of a real algebraic equation (A.6)

ant” + ap_12" '+ . Fax+ag=0 (A.6)

is equal to the number, N,, of sign changes in the sequence, a,,an_1, ..., ag, of
coefficients, where the vanishing terms are disregarded, or it is less than N, by
a positive even integer. We show that when Ry < 1, all the coefficients of the
characteristic equation (A.3) are positive, so all the eigenvalues of the Jacobian
(A.1) have negative real part. We then show that when Ry > 1, there is one sign
change in the sequence As, Ay, ..., Ag, so there is one eigenvalue with positive
real part and the disease free equilibrium point is unstable.

As all the B; are positive, As, A4, A3 and As are all positive. We will now
show that when Ry < 1, both A; and Ay are positive. We will then show that
when Ry > 1, Ag is negative. Thus, when Ry < 1, all the coefficients of the
characteristic equation (A.3) are positive, and when Ry > 1, there is only one
change in sign when the coefficients are arranged as in Descartes’ Rule of Sign.

When Ry is less (greater) than 1, R3 is also less (greater) than 1 since Ry is
strictly positive. The expression for RZ (3.6) can be written, in terms of B;, as

B3 B¢ By Bg By + B B7BgB1oDB11

R =
0 B1BsB3B,Bs

(A7)

Thus for Ry < 1,
B3BgB7Bg By

il et et |
B, ByB3B4Bs

SO
Be¢B7BsBg < B1ByB4Bs

and as all other terms in A; are positive, A; > 0. Ry < 1 also implies that
B3 BsBrBg By + B BrByB1oB11 < B1B2B3ByBs

and thus Ay > 0.
Similarly, when Ry > 1

and Ay < 0. Note that the Jacobian of the disease-free equilibrium (3.2) has
one eigenvalue equal to 0 at Ry = 1.

Thus, we can say that the disease free-equilibrium point, x4, is locally
asymptotically stable if Ry < 1 (the disease will not spread) and ), > 1y (the
mosquitoes will not become extinct); and unstable if Ry > 1, or if ¥, < pyp. O
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A.2 Proof of Theorem 4.1

Proof of Theorem 4.1 The equilibrium equations for (2.12) are shown below
in (A.8). For the remainder of this section, §4 and Appendix A.2, we will use
the terms, ey, i, 74, Np, €y, i, and N, to represent their respective equilibrium
values and not their actual values at a given time, t.

N, . )
thﬁhvﬁzlv(l —ep —ip—1Th)—

(Vh + ¥ + Ap/Np)en + dninen 0 (A.8a)

vhen — (Yn + 0n + Un + Ap/Np)ip + 6piz = 0 (A.8b)

Ynin — (pn + n 4 An/Np)ry + Opinrn = 0 (A.8c)

Ap + Yn Ny — (@1 + p2nNo)Np — 0ninNp 0 (A.8d)

oun (Bunin + Bonrs) (L= = i) = (v +)e, = 0 (Ase)
vpey — ()i 0 (A.8f)

Yo Ny — (10 + p2oNy) Ny = 0 (A.8g)

We do not attempt to rewrite the entire system (A.8) in the form of (4.1), but
reduce the equilibrium equations to a two-dimensional system for e;, and e,.*
We do so by solving for the other variables, either explicitly as functions of the
parameters, or in terms of e, and e,.

We solve (A.8g) for N, explicitly expressing the positive equilibrium for the
total mosquito population in terms of parameters (exactly as in the disease-free
case (3.3b)).

N, = Yo (A.9)
H2v

Solving for i, in (A.8f) in terms of e, we find:
. V'U
iy = %ev. (A.10)

Similarly, we write the positive equilibrium for the total human population, N,
in terms of 5 from (A.8d) as

(¥ — pan — Onin) + v/ (¥n — pan — Onin)? + dpon Ay

Ny, = A1l
" 2pu2n (A.11)
Using (A.11) in (A.8c), we solve for 7, in terms of iy.
O
Ihth (A.12)

h = ] -
20n + (Yn + pan — Onin) + /(¥n — pan — Onin)? + 4ponhp

Given the nonlinear nature of (A.8b), it is not feasible (or useful) to solve for
ip in terms of e, explicitly. We therefore use (A.11) to rewrite (A.8b) as

flen,in) =0 (A13)

4This also better serves our purposes as the theorem by Rabinowitz requires a bifurcation
from the zero equilibrium point; and N, and N, have positive equilibrium values.
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where

flenin) = wvpen — (A.14)

Yh+6n + 3 ((wh + pian — Onin) + v/ (n — pan — Onin)? + 4u2h1\hﬂ in

and use the Implicit Function Theorem (Korn and Korn [16], §4.5-7) to approx-
imate (A.13) by a Taylor polynomial for i) as a function of e;. The partial

derivatives of f(ep, i) are

0 )

Tei(eh’ ih) = U (A.15)
of . 1.1, Y — pin — Onin .

——(en,ip) = =0n |in+ = ip (A.16)
D 2 Vb — pan — 0nin)? + 4Appon

— |+ +3 ((wh + pian — Onin) + / (Yn — pan — Onin)2 + 4M2hAh>}

As f(en,ipn) and its partial derivatives with respect to ey, and i, exist, and are
continuous in a neighbourhood of (0,0); and % is nonzero at i, = 0; there
exists a unique differentiable function

in=1yl(en)
around i;, = 0 and ep = 0 that is equivalent to (A.13). We approximate this
function with a Taylor polynomial of the form

in = y1en + ya2ei + . .. (A17)

where

of

de

Yy = — 5;

Oip, in=ep=0
and
Y2 = or 3

Dip,

ih,:ehzo

PIN(OIN o (L (9N (01, (1N (0FY
86% aih 6eha’ih 8eh 8ih 82% 8eh
An evaluation of these expressions provides:

s
Y1 = ; (A.18)
Yo+ 0n + 3 ((wh + pan) + v/ (Yn — pan)? + 4u2h/\h)

and

L X (A.19)
V (@n — p1n)? + dpop Ay '
Snvj (b — pan)

{’Yh +0n+ 3 ((1/)11 + pan) + v/ (Yn — pan)? + 4M2hAh)}3.

Y2 =
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Finally, we substitute the Taylor approximation for i;, (A.17) into rj, (A.12)
and Np, (A.11), and then all three, along with 4, (A.10) and N, (A.9) into
the equilibrium equations for e, (A.8a) and e, (A.8e), to provide second order
approximations to the equilibrium equations

fi10en + frores + fri1€nes + fioo€f + fio2es + O(u®)(A.20a)
= foi0en + foo1€0 + for1eney + fo20€r + fo02es + O(u?)(A.20b)

where
u= ( ZL ) (A.21)
and
fiio = - [Vh +1 ((¢h + p1n) + V (n — pan)? + 4u2h/\h>} (A.22a)
fior = ouw 2420l (Y0 = 1110) (A.22b)
Yo 2y ((l/fh — pan) + (Wn — pn)® + 4M2hAh)
foa0 = oun “h (A.22¢)
Yh+ On + 3 ((%/Jh + pan) + v/ (Yn — pan)? + 4M2hAh)
X ﬁvh =+ r)/hﬁvh
pn+ % ((Wn + pn) + /W = 1) + dpianiin
foor = — (Yo +w0). (A.22d)

Although we have expressions for the coefficients of the second order terms, we
do not explicitly show them here as they are lengthy and not needed for our
purposes.

To apply Theorem 1.3 of Rabinowitz [22], we factor out ¢ = oy, after some
algebraic manipulations on (A.20), to produce

(2)=c(5 0)(e)e((2) o

u=CLu+ h({,u) (A.24)

(5 0)

or

where
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with
1
A = X (A.25a)
vh + 3 ((1/% + pan) + v/ (n — pan)? + 4,u2hAh>
2”2h”vﬁhv(¢v - Mlv)

Yo 2y ((Z/Jh — pan) + v (Wn — pn)? + 4M2hAh)

’YhBuh
on+ 3 ((n + ) + v/ — pan)® + Gy,

Vp

(Vo + 1) (’Yh + 0+ 3 (Wh + pan) + /(n — pan)® + 4M2hAh)) .

B = ﬁvh +

x (A.25D)

The matrix, L, has 2 distinct eigenvalues: ++v/AB. Characteristic values of
a matrix are the reciprocals of its eigenvalues. For the matrix, L, we denote
the two characteristic values by & = 1/v/AB and & = —1/v/AB. The right
eigenvector corresponding to the characteristic value, & is

(V). a2

We note here that B is always positive and A is positive if and only if 1, > p1,.
Thus & is real and corresponds to the dominant eigenvalue of L if and only if
¥y > t1,- We require this condition for the existence of the endemic equilibrium
because otherwise the mosquito death rate would be greater than the mosquito
birth rate so the positive equilibrium for the total mosquito population would
be unstable; and the mosquito population would asymptotically approach zero.

By Theorem 1.3 of Rabinowitz [22], we know that there is a continuum of
solution pairs ({,u) € Q, whose closure contains the point (£1,0), that either
meets oo (is unbounded) or the point (£2,0). We denote the continuum of
solution pairs emanating from (£1,0) by %1 where % C Q; and from (&3,0) by
%5 where %5 C Q). We introduce the sets

Zy = {¢ €R| Jusuch that ((,u) € 61} (A.27a)
Uy = {weY] 3¢ such that (¢,u) € €1} (A.27b)
Zy = {C¢€R| Jusuch that (¢,u) € €} (A.27¢)
U = {u€Y] 3¢ such that (¢,u) € €} . (A.27d)

We denote the positive cone in Y, {(en, e,)|en, > 0 and e, > 0}, by Y and the
boundary of Y+ by oY T.

As shown in Lemma A.4, the initial direction of U;, the projection of the
continuum of solution pairs %; in Y, near the bifurcation point (&;,0) , is given by
the eigenvector corresponding to the characteristic value, £&; — where ¢ is either
1 or 2. Additionally, from Lemma A.1, there are no equilibrium points on Y+
other than e, = e, =0, so Uy NdY T = (0,0) and Us NJY+ = (0,0); and hence
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U; and U, cannot pass through Y +. The eigenvector, v (A.26), corresponding
to &1 contains only positive terms, while the eigenvector corresponding to &
is ( —vVA VB )T; thus U; enters and cannot leave Y+ while U, is always
outside Y. As U; and U, cannot meet, 7 and %» do not intersect and by the
Theorem of Rabinowitz, € meets oo (is unbounded).

By Lemma A.2, the set U; is bounded for all finite positive ¢, so % only
meets oo at ( = co. By Lemma A.3, for every u € Uy, there corresponds at least
one z* in the positive cone of R”, except for u = (0,0) which corresponds to zge
(on the boundary of the positive cone of R7). Thus, there exists a continuum
of equilibrium-pairs (¢,z*) € {R x R7} that connects the point (£1,z4fc) to 0o
in such a way that the ( component is unbounded.

Lemma A.2 The set, Uy, is bounded for all finite C.

Proof It suffices to show that the e; and e, values of the w-limit set of the
solutions of (2.12) are bounded above by 1. As ej, and e, are positive (because
Uy is in Y1), by Lemma A.3, all other state variables are also positive. Thus
we see from (2.12a) that if e; > 1, then e}, < 0; and similarly from (2.12e) we
see that if if e, > 1, then e} < 0. Thus the endemic equilibrium point(s) is
contained in a bounded region for all finite (. O

Lemma A.3 The point u = (0,0) € Y corresponds to xqp. € R” (on the bound-
ary of the positive cone of R”). For every other solution pair (C,u) € 61, there
corresponds at least one equilibrium pair (¢, z*) € {R x R7} where x* is in the
positive cone of R”.

Proof We first show that u = (0,0) corresponds to zg4r.. As e, =e, =0, by
Theorem 3.1 we know that the only 2 possible equilibrium points are x,, . and
Zafe- As we picked the positive mosquito equilibrium population in solving for
N, (A.9), the equilibrium point that we bifurcate from is zqye.

We now show that for every ( € Z; there exists at least one =™ in the positive
cone of R for the corresponding u € U;. For this, we need to show that for
every positive and bounded ep and e,, there exist positive and bounded iy, rp,
iy, Np and N,. By looking at the equilibrium equation for i, (A.10), we see
that for every positive and bounded e, there exists a positive and bounded i,.
The equilibrium equation for N, has a positive and bounded solution depending
only on parameter values (A.9). The equilibrium equation for 75, (A.13) may be
written as

Y+ 0+ 3 ((% + pan = Onin) + /(Yn — pan — Onin)? + 4,LL2hAh) _
Ep = " ip-

(A.28)
The right-hand side of (A.28) is a continuous function of i, with range [0, c0)
so for every positive and bounded ey, there exists at least one positive and
bounded ij,. The equilibrium equations for rj, (A.12) and Ny, (A.11) show that
for every positive and bounded i, there exists a positive and bounded 7, and
Ny, respectively. O
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A.3 Proof of Theorem 4.3

Evaluating the substitution of the expansions (4.3) into the eigenvalue equation
(A.24) at O(£") produces 0 = 0 which gives us no information. We need to
calculate the O(e!) terms.

Lemma A.4 The initial direction of the branch of equilibrium points, u") near
the bifurcation point (€1,0), is equal to the eigenvector of L corresponding to the
characteristic value, &1 .

Proof Evaluating the substitution of the expansions (4.3) into the eigenvalue
equation (A.24) at O(g') we obtain:

M = flLu(l).

This implies that u(!) is the eigenvector of L corresponding to the eigenvalue
1/&1, v (A.26). Thus, close to the bifurcation point, the equilibrium point can
be approximated by e = eV A and e, = eVB. O

Lemma A.5 The bifurcation at { = & of the nonlinear eigenvalue equation
(A.24) is supercritical if (1 > 0 and subcritical if ¢ < 0 where

_w'hg

G =

where v is the right eigenvector of L and w is the left eigenvector of L corre-
sponding to the eigenvalue 1/&;.

T (A.29)

Proof Evaluating the substitution of the expansions (4.3) into the eigenvalue
equation (A.24) at O(e?) we obtain:

u? =& Lu® + G Lu™ + hy
which we can rewrite as
(I—&Lwu® = ¢ Lo+ hy (A.30)

where [ is the 2 x 2 identity matrix. As & is a characteristic value of L, (I—&; L)
is a singular matrix. Thus, for (A.30) to have a solution, ¢; Lv 4+ hy must be in
the range of (I —&; L), ie. it must be orthogonal to the null space of the adjoint
of (I — & L). The null space of the adjoint of (I — &1 L) is spanned by the left
eigenvector of L (corresponding to the eigenvalue 1/&;), which we denote by
w:=( VB A ). The Fredholm condition for the solvability of (A.30) gives
us
w - (ClL’U + hg) =0.

This requires
w - h,Q

== w- Ly’
If ¢; is positive, then for small positive ¢, u > 0 and ¢ > £ and we have a
supercritical (forward) bifurcation. Similarly, if ¢; is negative, then for small

positive g, u > 0 and ¢ < & and we have a subcritical (backward) bifurcation.
O
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Proof of Theorem 4.3 When 6, = 0, we can explicitly evaluate h({,u) in the
nonlinear eigenvalue equation (A.24) from the equilibrium equations (A.20) as

Cls, —0\€ne
h= (6n=0)"h%v ) A.31
¢ ( D5, =0)eneu ( )

since the coefficients of all the other higher order terms are zero. We have
explicit representations for C'5, —o) and Ds, —¢), but we do show them here. It
suffices to say that both C(s,—¢y and Ds,—¢) are negative. From (A.31) and
(4.3) we can evaluate the second order expansion, hs.

hy = ¢ Cs,=0) VAVB
? '\ D(s,—0)VAVB

C(5,=0) )
= h A.32
( D(5,=0 ( )

As hs contains only negative terms and w, v and L contain only nonnega-
tive terms, (A.29) implies that ¢; is positive. Thus, by Lemma A.5, with no
disease-induced death, for any positive values of the other parameters there is
a supercritical (forward) bifurcation at Ry = 1. O
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